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Abstract. We investigate properties of families F of subsets of a finite set in a situation
where subsets are incomparable by the binary inclusion relation and a) for any A /∈ F , there is
such set A′ ∈ F that either A ⊂ A′ or A′ ⊂ A; b) for any A ∈ F , | A |∈ {k, k + 1}. For these
families we introduce one parametre and we show that for almost all families F the value of this
parametre is
(
n−1
k
)
. We show that families with the minimum value of the entered parametre
have certain structure and we find also number of such families. At last, we find an estimation
from above for combinatory numbers of considered combinatory objects.
Let Σ(n) the variable set, which cardinality monotonically grows with the natural n.A
property α concerning of elements of the set Σ(n) is called as typical [1], if limn→∞
|Σα(n)|
|Σ(n)|
= 1
(or limn→∞
|Σα(n)|
|Σ(n)|
= 0), where Σα(n)(Σα(n)) signify set of elements from Σ(n), which possess
(do not possess) property α.In this case sometimes say also that α it is fulfilled almost for all
elements from Σ(n).
We consider as Σ(n) a class maximal Sperner families (m.S.f.) of subsets F = F (k) ∪F (k+1)
of the type (k, k+ 1) [2-4] of finite ordered set S = (a1, a2, . . . , an) and as property α the value
of parametre r(F ) =
(
n−1
k
)
[2-4] of the m.S.f. F of the type (k, k + 1).
Further we will speak about type only in special cases k. For k we will consider [3,4] values
k < ⌈n
2
⌉, k 6= 0.
Definition 1 [5]. A family F of subsets of the set S is called Sperner, if no element A ∈ F
is a subset of another element A′ ∈ F .
Definition 2 [2-4]. A Sperner family (S.f.) F is called maximal, if for any A ⊂ S,A /∈ F ,
one can find A′ ∈ F such that A ⊂ A′ or A′ ⊂ A.
Definition 3 [ibid]. We say that a S.f. F has the type (k, k + 1), if | A |∈ {k, k + 1} for any
A ∈ F .
Let pi stand for the number of elements A ∈ F , | A |= k, which do not contain the element
ai ∈ S; let qi stand for the number of elements A ∈ F , | A |= k + 1 which contain the element
1
ai. Let ri = pi + qi, r = maxri, i = 1, n. Evidently, with any n ≥ 3 the following inequality
ri ≤
(
n−1
k
)
is true.
In [3] for the necessary condition received in [2] (theorem 2) it is made specification, is
shown that it is true only for n ≤ 5. For all n ≥ 6 in [3] we have constructed m.S.f. with
r <
(
n−1
k
)
. Further we will consider n ≥ 6.
Theorem 1. If F is a m.S.f., then r(F ) <
(
n−1
k
)
if and only if for any i = 1, n there exists a
subset A, | A |= k, ai /∈ A such that neither A, nor A ∪ {ai} not belongs F .
Proof. Let r(F ) <
(
n−1
k
)
and i ∈ 1, n. Let further F˜ ⊂ F is the family which consist of all
A, | A |= k, ai /∈ A and of all B, | B |= k + 1, ai ∈ B. Since r(F ) <
(
n−1
k
)
, then | F˜ |<
(
n−1
k
)
.
Hence, there exists a subset A, | A |= k, ai /∈ A, such that neither A, nor A∪{ai} do not belong
F .
Let now for any i ∈ 1, n it is possible to find A, | A |= k, ai /∈ A, such that neither A,
nor A
⋃
{ai}, do not belong F . From this follow that ri(F ) <
(
n−1
k
)
. Consequently it is
r(F ) <
(
n−1
k
)
.
Corollary. r(F ) =
(
n−1
k
)
if and only if there exists i ∈ 1, n such that for any A, | A |= k, ai /∈
A, either A ∈ F or (A
⋃
{ai}) ∈ F .
Theorem 2. For any the m.S.f. F of type (1, 2) r(F ) =
(
n−1
1
)
.
Proof. Really, let F = F (1)
⋃
F (2) is a m.S.f.. Evidently, if F = F (1) = {A, | A |= 1} or F =
F (2) = {B, | B |= 2}, then ri(F ) =
(
n−1
1
)
, i = 1, n, thus is r(F ) =
(
n−1
1
)
. We will admit now,
that F = F (1)
⋃
F (2), where F (i) 6= ∅, i = 1, 2. Let F (1) = {{ai1}, {ai2}, . . . , {aik}, k 6= n − 1}.
Then, evidently, F (2) = {{ajl, ajm}, 1 ≤ jl < jm ≤ n, jl /∈ {i1, i2, . . . , ik}, jm /∈ {i1, i2, . . . , ik}}
and rji(F ) =
(
n−1
1
)
.
Theorem 3. If n ≤ 5, then for any m.S.f. F r(F ) =
(
n−1
k
)
.
Proof. It can be checked up directly.
Theorem 4. If F = F (k)
⋃
F (k+1) is the m.S.f. with rn(F ) = 0, then ri(F ) =
(
n−1
k
)
, i 6= n.
Proof. Really, for any i 6= n the number of subsets A, | A |= k, ai /∈ A is
(
n−2
k−1
)
and the
number of subsets B, | B |= k + 1, ai ∈ B is
(
n−2
k
)
.From here ri(F ) =
(
n−2
k−1
)
+
(
n−2
k
)
=
(
n−1
k
)
.
Recursive algorithm of construction of all m.S.f.
For the proof of the basic result we use recursive algorithm of construction of all m.S.f.. If
F is a m.S.f., then F ′ designates S.f. received after addition to F a subset A /∈ F , A ⊂ S and
exceptions from F of all subsets A′ comparable with A by inclusion. If F is a S.f. such that
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for any A ∈ F an ∈ A, then F \ {an} designates S.f. which be formed out from F by exception
of all subsets A ∈ F of the element an, and if F is a S.f. such that for any A ∈ F an /∈ A,
then F
⋃
{an} designates the S.f., which be formed from F by addition to each subset A of the
element an. It is exists only one the m.S.f. F = F
(k)
⋃
F (k+1) with rn(F ) = 0, which consists
of all the subsets B, | B |= k + 1, an /∈ B and of all the subsets A, | A |= k, an ∈ A. Further
the construction of the m.S.f. we organize recursively. Let Ω(t) is set of all m.S.f. constructed
on a step t (Ω(1) = {F, rn(F ) = 0}). The set Ω(t + 1) is formed by means of transformations
of the m.S.f. from Ω(t). Let F = F (k)
⋃
F (k+1) is a m.S.f. from Ω(t). If F is the m.S.f. with
rn(F ) =
(
n−1
k
)
, then we leave F without change. If F is a m.S.f. with rn(F ) <
(
n−1
k
)
and
M = {A :| A |= k, an /∈ A,A /∈ F
(k)},
L = {B :| B |= k + 1, an ∈ B,B /∈ F
(k+1)},
Ψ(F ) = M
⋃
L
⋃
(M
⋃
{an})
⋃
(L \ {an}), then we carry out over F the following transfor-
mations: we add to F a subset from Ψ(F ) and we form family F ′. After the exception from
F of all subset comparable by inclusion with the added subset can happen that among subsets
in Ψ(F ) there are subsets incomparable by inclusion with subsets from F ′. After addition of
these subsets we will receive obviously the m.S.f.. As a result of these transformations with
F ∈ Ω(t) with rn(F ) <
(
n−1
k
)
concerning all subsets from Ψ(F ) we will receive set of the m.S.f.,
which form set Ω(t + 1). Evidently
⋃(n−1
k
)
t=1 is set of all m.S.f..
Theorem 5. Let F = F (k)
⋃
F (k+1), F (i) 6= ∅, i ∈ {k, k + 1} is the m.S.f. such that for any
B ∈ F (k+1) ai ∈ B (for any A ∈ F
(k)ai /∈ A). Then r(F ) = ri(F ) =
(
n−1
k
)
.
Proof. Evidently, qi(F ) <
(
n−1
k
)
(pi(F ) <
(
n−1
k
)
). From here follow that set {A, | A |=
k} \ (F (k+1) \ {ai}) ⊆ F
(k) ({B, | B |= k + 1} \ (A
⋃
{ai}) ⊆ F
(k+1)), that is ri(F ) =
(
n−1
k
)
.
Corollary 1. For any the m.S.f. F such that | F (k+1) |= 1 (| F (k) |= 1) r(F ) =
(
n−1
k
)
.
Corollary 2. If n is odd, then for any m.S.f. F of type (⌊n
2
⌋, ⌈n
2
⌉) such, that | F (⌈
n
2
⌉) |=
2, r(F ) =
(
n−1
k
)
Lemma 1. Let Fˆ = Fˆ (k)
⋃
Fˆ (k+1) is the m.S.f. which received by the recursive algorithm
from the m.S.f. F = F (k)
⋃
F (k+1) with rn(F ) <
(
n−1
k
)
in a step t. Then, if ri(F ) =
(
n−1
k
)
and Fˆ
received by addition of subset A, | A |= k, ai /∈ A (B, | B |= k+1, ai ∈ B), then ri(Fˆ ) =
(
n−1
k
)
.
Proof. Since ri(F ) =
(
n−1
k
)
, then according to corollary to theorem 1 for any A, | A |=
k, ai /∈ A,A /∈ F it is find B, | B |= k + 1, ai ∈ B,B ⊃ A, such that B ∈ F (for any
B, | B |= k + 1, ai ∈ B,B /∈ F it is find A, | A |= k, ai /∈ A,A ⊂ B such that A ∈ F ).
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Therefor, according to the recursive algorithm ri(Fˆ ) = (pi(F ) + 1) + (qi(F ) − 1) =
(
n−1
k
)
(ri(Fˆ ) = (pi(F )− 1) + (qi(F ) + 1) =
(
n−1
k
)
).
Lemma 2. If F = F (k)
⋃
F (k+1), F (i) 6= ∅, i ∈ {k, k + 1} is the m.S.f. such, that r(F ) =
(
n−1
k
)
= ri(F ), i 6= n and rj(F ) 6=
(
n−1
k
)
for j 6= i, then the m.S.f. F˜ , which receive by the
recursive algorithm by addition any subset B, | B |= k + 1, B /∈ F, ai /∈ B (A, | A |= k, A /∈
F, ai ∈ A) is the m.S.f. with r(F ) <
(
n−1
k
)
.
Proof. Really, subset B (A) comparable by inclusion with some subsets A, | A |= k, A ∈ F
(B, | B |= k+1, B ∈ F ). Therefor, according to the recursive algorithm this subsets exception
from F and we receive ri(F˜ ) =
(
n−1
k
)
−m, where m is number of subsets exception from F ; for
rj(F˜ ), j 6= i, evidently we will to have rj(F˜ ) <
(
n−1
k
)
.
Theorem 6. Let F = F (k)
⋃
F (k+1), F (j) 6= ∅ j ∈ {k, k + 1} is a m.S.f.. Then ri(F ) =
(
n−1
k
)
− | F
(k)
i | + | F
(k+1)
i |, where F
(k+1)
i is the family of all subsets B from F
(k+1) such that
ai ∈ B and F
(k)
i is the family of all subsets A, | A |= k, ai /∈ A comparable with the subsets
from F (k+1).
Proof. Really since
(
n−1
k
)
− | F
(k)
i |= pi(F ) and | F
(k+1)
i |= qi(F ), then ri(F ) = pi(F ) +
qi(F ) =
(
n−1
k
)
− | F
(k)
i | + | F
(k+1)
i |.
Corollary 1. If F = F (k)
⋃
F (k+1), F (j) 6= ∅, j ∈ {k, k + 1} is m.S.f. such that maxrqr(F ) =
qi(F ) then maxrpr(F ) = pi(F ) and r(F ) = ri(F ).
Proof. Really, according to theorem 6 pj(F ) =
(
n−1
k
)
− | F
(k)
j |, where F
(k)
j is the family of all
subsets A, | A |= k, aj /∈ A comparable with the subsets from F
(k+1), but since | F (k)j |≥| F
(k)
i |
then pj(F ) ≤ pi(F ) and consequently maxjpj(F ) = pi(F ), r(F ) = ri(F ).
Corollary 2. If F = F (k)
⋃
F (k+1), F (i) 6= ∅, i ∈ {k, k + 1} is m.S.f. such that for any pair
Bi, Bj of subsets from F
(k+1) Bi
⋂
Bj = ∅ and
∑
Bi∈F (k+1)
| Bi |= (k + 1) | F
(k+1) |, (k 6= 1),
then ri = r(F ), if ai ∈ B for a subset B from F
(k+1).
Proof. Really, according to theorem 6 we have ri =
(
n−1
k
)
− | F (i) | +1, if ai belong to a B
from F (k+1) and rj(F ) < ri(F ) if ai do not belong to none B from F
(k+1), i.e. r(F ) = ri(F ).
Evidently, if n
k+1
is the whole and
∑
Bi∈F (k+1)
| Bi |= n then for all i = 1, n r(F ) = ri(F ) =
(
n−1
k
)
− | F
(k)
i | +1 =
(
n−1
k
)
− ( n
k+1
− 1)(k + 1).
Corollary 3. If k < ⌊n
2
⌋, F = F (k)
⋃
F (k+1), F (i) 6= ∅, i ∈ {k, k + 1} is m.S.f. such that
for any pair Bi, Bj of subsets from F
(k+1) Bi
⋂
Bj = ∅ and | F
(k+1) |= ⌊ n
k+1
⌋, then r(F ) =
min
F :r(F )<(n−1
k
)r(F ) and the number of such m.S.f. is
4
(
n
k+1
)(
n−(k+1)
k+1
)
· · ·
(
n−(⌊ n
k+1
⌋−1)
k+1
)
.
Proof. According to corollary 2 r(F ) = ri(F ) =
(
n−1
k
)
− | F
(k)
i | +1, if ai belong to a B from
F (k+1). Evidently in the conditions of corollary 3 | F
(k)
i |= maxF :r(F )<(n−1
k
) | F
(k)
i |. The second
affirmation evidently. Evidently also, that
(
n−1
k
)
− (⌊ n
k+1
⌋ − 1)(k + 1) ≤ r(F ) ≤
(
n−1
k
)
, r(F ) 6=
(
n−1
k
)
− 1.
Corollary 4. If n is even, then the m.S.f. F = F (
n
2
−1)
⋃
F (
n
2
), where F (
n
2
) = {{ai1 , ai2 , . . . , ain
2
}, {aj1, aj2, . . . , ajn
2
} :
ik /∈ {j1, j2, . . . , jn
2
}, k = 1, n
2
} is the m.S.f. with r(F ) = ri(F ) =
(
n−1
n
2
−1
)
− n
2
, i = 1, n. Evidently
the number of these m.S.f. is
(
n
n
2
)
2−1.
Theorem 5 delivery to us the sufficient condition for r(F ) = ri(F ) =
(
n−1
k
)
. We will prove
that this condition there is also the necessary condition.
Corollary 5. If r(F ) = ri(F ) =
(
n−1
k
)
, then any B ∈ F (k+1) ai ∈ B.
Proof. Really, according to theorem 6 ri(F ) =
(
n−1
k
)
− | F
(k)
i | +
| F
(k+1)
i |, but since ri(F ) =
(
n−1
k
)
, then | F
(k+1)
i | =| F
(k)
i |, consequently for all B ∈ F
(k+1)
ai ∈ B.
Theorem 7. If n is odd and F = F (⌊
n
2
⌋)
⋃
F (⌈
n
2
⌉) is m.S.f., then minimum | F (⌈
n
2
⌉) | such
that r(F ) <
(
n−1
⌊n
2
⌋
)
is 3.
Proof. According to corollary 2 to theorem 5, if n is odd, then for any m.S.f. F of type
(⌊n
2
⌋, ⌈n
2
⌉) such, that | F (⌈
n
2
⌉) |= 2 r(F ) =
(
n−1
⌊n
2
⌋
)
. Let now F = F (⌊
n
2
⌋)
⋃
F (⌈
n
2
⌉) be the m.S.f.,
where F (⌈
n
2
⌉) = {B1, B2, B3 : B1
⋂
B2 = ai 6= an; ai /∈ B3}. Evidently the number of these m.S.f.
is (n−1)
(
n−2
⌊n
2
⌋
)(
n−1
⌈n
2
⌉
)
. If the subset B3 not have of the common comparable subset A, | A |= ⌊
n
2
⌋
with the subsets B1, B2,then according to theorem 6 r(F ) =
(
n−1
⌊n
2
⌋
)
− ⌈n
2
⌉ and miniri(F ) =
(
n−1
⌊n
2
⌋
)
− 2⌈n
2
⌉, but if the subset B3 has the common comparable subset A, | A |= ⌊
n
2
⌋, with a
subset from {B1, B2}, then r(F ) =
(
n−1
k
)
− ⌈n
2
⌉+ 1 and miniri(F ) =
(
n−1
k
)
− 2⌈n
2
⌉ + 1.
Theorem 8. Almost for all m.S.f. F r(F ) =
(
n−1
k
)
.
Proof. We will prove this only for the m.S.f. of the type (⌊n
2
⌋, ⌈n
2
⌉) with n odd since for
other cases the proof carry out analogously.We will estimate from above the number of m.S.f.
F such that r(F ) <
(
n−1
⌊n
2
⌋
)
. Evidently, according to the recursive algorithm and to theorem 4
the number of these m.S.f. not exceed of the number of m.S.f. F with r(F ) <
(
n−1
⌊n
2
⌋
)
received
before m.S.f. F with min
F :r(F )<(n−1⌊n2 ⌋)
r(F ) plus of the number of m.S.f. F ′ with rn(F
′) <
(
n−1
n
2
)
received later the m.S.f. F withmin
F :r(F )<(n−1⌊n2 ⌋)
r(F ). According to lemma 2 and to the recursive
algorithm the number |
∑
α¯(n) | m.S.f. with r(F ) <
(
n−1
⌊n
2
⌋
)
satisfy to inequality
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|
∑
α¯(n) |≤ (n−1)
2
(
n−2
⌊n
2
⌋
)(
n−1
⌈n
2
⌉
)
⌈n
2
⌉+2⌈n
2
⌉(n−1)
(
n−2
⌊n
2
⌋
)(
n−1
⌈n
2
⌉
)
(
(
2⌈n
2
⌉
0
)
+
(
2⌈n
2
⌉
1
)
21+. . .+
( 2⌈n
2
⌉
⌈n
2
⌉−2
)
22⌈
n
2
⌉−2) <
2⌈n
2
⌉(n− 1)
(
n−2
⌊n
2
⌋
)(
n−1
⌈n
2
⌉
)
24⌈
n
2
⌉−2. Since the number of m.S.f. with r(F ) =
(
n−1
⌊n
2
⌋
)
more than 2
(n−1⌊n2 ⌋)
then lim
n→∞
|
∑
α¯
(n)|
|
∑
(n)|
= 0. From here directly follow |
∑
(n) |< n2(
n−1
k ).
The above estimate received for all m.S.f. improve essentially the estimate 23(
n−1
k
) from [3].
Theorem 9. For k = 1 |
∑
(n) |∼ 2n = 2 · 2(
n−1
1 ).
Proof. It is trivial to show that in this case |
∑
(n) |= 2n − n. Thus in this case we have
|
∑
(n) |∼ 2n = 2 · 2(
n−1
1 ).
Hypothesis: we suppose that for any k |
∑
(n) |∼ (k + 1)2(
n−1
k
).
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